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Abstract
We obtain the periods and one-instanton coecient of the N = 2 supersymmetric Yang-Mills theory
with the exceptional gauge group E6. These calculations are based on the E6 spectral curve and the
obtained one-instanton coecient is in agreement with the microscopic results.
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In the last few years, enormous advances have been made in understanding of the low-energy behaviours
of N = 2 supersymmetric gauge theories. Progress began with the paper of Seiberg and Witten [1], where
the exact low-energy Wilsonian eective action for the pure N = 2 supersymmetric Yang-Mills theory with
the gauge group SU(2) is derived. Since then, their work has been generalized to other pure gauge groups
[2] and to theories with the matter multiplet [3]. In principle, the exact solution of such theories is given by
an algebraic curve. In the case of theories with classical Lie gauge groups, algebraic curves are hyperelliptic
[4] which must be satised in the consistency conditions of the relevant theories. The hyperelliptic curve of
the theories with the exceptional gauge groups are constructed in [5, 6].
To understand the strong coupling region of the theory, one considers the vevs of the Higgs elds ~a and their




elds which are periods of the Riemann surface  =
0@~aD
~a
1A , are represented by the contour integrals of the








where ~ and ~ are homology cycles on the Riemann surface.
To obtain the periods, ~a and ~aD, the Picard-Fuchs (PF) operators, which annihilate ~a and ~aD are usually
used. The PF equations have been derived in the case of pure classical gauge groups and also classical gauge
groups with massless and massive supermultiplets [7]. In all these cases, the underlying algebraic curves of
the theory are hyperelliptic curves. On the other hand, the algebraic curve for the supersymmetric gauge
theory is constructed from the spectral curve of the periodic Toda lattice [8]. In the case of classical gauge
groups, these curves are equivalent to the hyperelliptic curves. The PF equations for the supersymmetric
G2 gauge group has been constructed from the spectral curve of the (G
(1)
2 )
_ Toda lattice theory [9]. Also
it has been shown that the calculation of n-instanton eects agree with the microscopic results [10], while
the calculation of one-instanton eect based on the hyperelliptic curve shows dierent behaviour with the
microscopic results.
Our motivation in this and subsequent works is to shed light on the strong behaviour of E6 theory and
compare the spectral and hyperelliptic curves of the theory by nding the form of the periods and the
prepotential of the E6 theory. The PF equations of E6 gauge theory based on the spectral curve have
1
been obtained in [11, 12]. In [11], PF equations are obtained from the topological two dimensional Landau-
Ginzburg theory, while in [12], the PF equations are constructed from the basic equations of the theory.
However, a comparison of the PF equations, shows their equivalence. In this paper, we will give solutions of
these equations, and calculate the leading instanton corrections and nd that the one-instanton contribution
of the prepotential coincides with the one obtained by using the direct instanton calculation [10].
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2; (3)
where u1; u2; u3; u4; u5 and u6 are the Casimirs of E6.




















we get the following dierential operators,
E1 = 32x53(3 − 1)− 616 + 326 − 636 + 356 − 36;
E2 = 3x126 − 45;
E3 = 4x1x4x523 − 15;
E4 = 4x4x534 − 316;
E5 = x1x2x414 + 8x1x4x53(3 − 1) + 235 + 6x136;
E6 = 2x1x2x
2
4x54(4 − 1) + 12x1x4x536 + 356 + 9x16(6 − 1);
E7 = x32(2 − 1)− 12x214 − 1816 − 1826 + 3x2x44(4 − 1)− 1846 − 186;
2




4x524 − 25 − 45





4x524 + 4x1x4x535 + 5(5 − 1) + 3x156;
E10 = 813 − 2x414 + x424 − 2x434 + x445;
E11 = 41(1 − 1) + 2012 + 2413 + 3214 + 3615 + 4816 + 252(2 − 1) + 6023 + 8024 + 9025 + 12026
+ 363(3 − 1) + 9634 + 10835 + 14436 + 644(4 − 1) + 14445 + 19246 + 1625(5 − 1) + 21656
+ 144(1− 4x6)6(6 − 1) + 152 + 243 + 484 + 635 + 1206 + 1;
E12 = x315 + 6x1x2x
2





E13 = 36x1x216 − x325 − 12x1x2x
2
4x54(4 − 1)− 9x1x2x446;
E14 = 2x335 + 9x1x2x446 + 27x
2
1x2x46(6 − 1);






4x546 + 276(6 − 1);




4x536 + 2x335: (5)
In the above equations, i’s are the Euler derivatives i = ui
@
@ui




by the following relations,
1 = −2’2−’3+’4; 2 = −’1−2’3; 3 = ’4−2’5; 4 = ’1−’2−’4; 5 = ’1; 6 = −’1+’2+’3+’5−2’6;
(6)
and ij = ij .
Now, we construct the solutions of the PF equations Ei = 0 (i = 0;    ; 16) in the semi-classical region where
w is small. We consider the following power series solution around (x1; x2; x3; x4; x5; x6) = (0; 0; 0; 0; 0; 0),















where c1;;6(0;    ; 0) = 1. By inserting eq. (7) in the eqs. (5), we get the following indicial equations,
41(1 − 1) + 2012 + 2413 + 3214 + 3615 + 4816 + 252(2 − 1) + 6023 + 8024 + 9025
+ 12026 + 363(3 − 1) + 9634 + 10835 + 14436 + 644(4 − 1) + 14445 + 19246
3
+ 1625(5 − 1) + 21656 + 1446(6 − 1) + 152 + 243 + 484 + 635 + 1206 + 1 = 0;
6(21 − 2 + 23 − 5 + 1) = 0; 6(1 + 2 + 4 + 1) = 0; 5(1 − 2 − 4) = 0; 5(5 − 1) = 0; 4(4 − 1) = 0;
6(6 − 1) = 0; 45 = 0; 15 = 0; 16 = 0; 35 = 0; 56 = 0; 13 = 0; 46 = 0; (8)
where
1 = −22−3+4; 2 = −1−23; 3 = 4−25; 4 = 1−2−4; 5 = 1; 6 = −1+2+3+5−26:
(9)
The equations (8) have the following solutions,
(1;    ; 6) = (0; 1=6;−1=6;−1=6;−1=12;−1=24);
(1;    ; 6) = (0;−1=6; 1=2; 1=6;−5=12;−1=24);
(1;    ; 6) = (0; 2;−32;−2; 22 − 1=12;−1=24);
(1;    ; 6) = (0; 2;−1=22 − 1=12;−2;−1=22;−1=24);
(1;    ; 6) = (0;−23 + 5=6; 3; 23 − 11=6; 3 − 11=12;−1=24);
(1;    ; 6) = (0; 2;−32 − 1;−2 − 1; 22 + 11=12;−1=24): (10)
The coecients c1;2;3;4;5;6(m1;m2;m3;m4;m5;m6) obey the recursion relations,
c~(~m) = A~(~m)c~(m1;m2;m3;m4;m5 − 1;m6);
c~(~m) = B~(~m)c~(m1 − 1;m2;m3;m4;m5;m6);
c~(~m) = C~(~m)c~(m1 − 1;m2;m3;m4 − 1;m5 − 1;m6);
c~(~m) = D~(~m)c~(m1;m2;m3;m4 − 1;m5 − 1;m6);
c~(~m) = E~(~m)c~(m1 − 1;m2 − 1;m3;m4 − 1;m5;m6) + F~(~m)c~(m1 − 1;m2;m3;m4 − 1;m5 − 1;m6)
+ G~(~m)c~(m1 − 1;m2;m3;m4;m5;m6);
c~(~m) = H~(~m)c~(m1 − 1;m2 − 1;m3;m4 − 2;m5 − 1;m6) + I~(~m)c~(m1 − 1;m2;m3;m4 − 1;m5 − 1;m6)
+ J~(~m)c~(m1 − 1;m2;m3;m4;m5;m6);
c~(~m) = K~(~m)c~(m1;m2;m3 − 1;m4;m5;m6) + L~(~m)c~(m1;m2 − 1;m3;m4;m5;m6)
+ M~(~m)c~(m1;m2 − 1;m3;m4 − 1;m5;m6);
4
c~(~m) = N~(~m)c~(m1 − 1;m2 − 1;m3;m4;m5;m6) + (O~ +Q~ + S~)(~m)c~(m1 − 1;m2;m3;m4 − 1;m5 − 1;m6)
+ P~(~m)c~(m1 − 1;m2 − 1;m3;m4 − 1;m5;m6) +R~(~m)c~(m1 − 2;m2 − 1;m3;m4 − 2;m5 − 1;m6)
+ T~(~m)c~(m1 − 1;m2;m3;m4;m5;m6);
c~(~m) = U~(~m)c~(m1 − 2;m2 − 1;m3;m4 − 2;m5 − 1;m6) + V~(~m)c~(m1 − 1;m2;m3;m4 − 1;m5 − 1;m6)
+ W~(~m)c~(m1 − 1;m2;m3;m4;m5;m6);
c~(~m) = X~(~m)c~(m1;m2;m3;m4 − 1;m5;m6);
c~(~m) = Y~(~m)c~(m1;m2;m3;m4;m5;m6 − 1); (11)
where the functions A~(~m);    ; Y~(~m) are given in the appendix. Therefore from these recursion relations,
one can nd the coecients c~(~m), which some of them are as follows,
c~(m1; 0; 0; 0; 0; 0) =
m1Y
i=1
B~(i; 0; 0; 0; 0; 0) ; c~(0;m2; 0; 0; 0; 0) =
m2Y
i=1
L~(0; i; 0; 0; 0; 0)
c~(0; 0;m3; 0; 0; 0) =
m3Y
i=1
K~(0; 0; i; 0; 0; 0) ; c~(0; 0; 0;m4; 0; 0) =
m4Y
i=1
X~(0; 0; 0; i; 0; 0)
c~(0; 0; 0; 0;m5; 0) =
m5Y
i=1
A~(0; 0; 0; 0; i; 0) ; c~(0; 0; 0; 0; 0;m6) =
m6Y
i=1
Y~(0; 0; 0; 0; 0; i)
c~(m1;m2; 0; 0; 0; 0) = N~(m1 − 1;m2 − 1; 0; 0; 0; 0)N~(m1 − 2;m2 − 2; 0; 0; 0; 0)   N~(fjm1 −m2 j; 0g; 0; 0; 0; 0)





N~(m1 − j;m2 − j; 0; 0; 0; 0)
T~(m1 − i− 1;m2 − i− 1; 0; 0; 0; 0)c~(m1 − i− 1; 0; 0; 0; 0; 0);
c~(m1; 0;m3; 0; 0; 0) =
m1Y
i=1
Z~(i; 0;m3 + 1; 0; 0; 0)c~(0; 0;m3; ; 0; 0; 0); (12)
where if m1 > m2, fj m1 − m2 j; 0g = m1 − m2; 0 and else fj m1 − m2 j; 0g = 0;m2 − m1 and similar
complicated structure for the other coecients. The function Z~ is given in the appendix . To obtain the
other solutions of eqs. (5), we apply the well known Frobenius method, and nd the logarithmic solutions
of (5). Hence the solutions of the PF equations (5) are given by,

(1)
~a (~x) = (0;1=6;−1=6;−1=6;−1=12;−1=24)(~x);

(2)
~a (~x) = (0;−1=6;1=2;1=6;−5=12;−1=24)(~x);

(3)




~a (~x) = (0;2;−1=22−1=12;−2;−1=22;−1=24)(~x);

(5)
~a (~x) = (0;−23+5=6;3;23−11=6;3−11=12;−1=24)(~x);

(6)
~a (~x) = (0;2;−32−1;−2−1;22+11=12;−1=24)(~x);

(1)









































































































)~(~x) j~=(0;2;−32−1;−2−1;22+11=12;−1=24) : (13)









































































































































and complicated expressions for u3; u4; u5; u6 which we do not express here. These relations are obtained
through the following relation between the classical part of hyperelliptic curve of ref. [6] and the functions
p1; p2; q1 given in (3),
−108x3W (x) = −108x3
27Y
i=1
(x− ~ai) = (x
3u6 − q1)
2 − p21p2 (15)































































































































































































where ij are constants and are determined by the evaluating of the period integrals. However, for the
computation of the instanton correction to the prepotential, explicit form of the aDi is not necessary. From
these solutions, we get the following identities,
6X
i=1





(@ujaDiai − aDi@ujai) = 0; j 2 f2;    ; 6g: (17)
Although the proof of the above equations is dicult, we have explicitly checked (17) up to order w. By





























one can nd the n-instanton coecients Fn(~a). We get the following form for the one-instanton eect which




f(a1 − a3)(a1 − a4)(a1 − a5)(a1 − a6)(a2 − a3)(a2 − a4)(a2 − a5)(a2 − a6)
((1−
p
2)(a1 + a3 + a4)− (1 +
p
2)(a2 + a5 + a6))((1−
p
2)(a1 + a4 + a5)− (1 +
p
2)(a2 + a3 + a6))
((1−
p
2)(a1 + a5 + a6)− (1 +
p
2)(a2 + a3 + a4))((1−
p
2)(a1 + a4 + a6)− (1 +
p
2)(a2 + a3 + a5))
((1−
p
2)(a1 + a3 + a5)− (1 +
p
2)(a2 + a4 + a6))((1−
p
2)(a1 + a3 + a6)− (1 +
p
2)(a2 + a4 + a5))
((1 +
p
2)(a1 + a3 + a4)− (1−
p
2)(a2 + a5 + a6))((1 +
p
2)(a1 + a4 + a5)− (1−
p
2)(a2 + a3 + a6))
((1 +
p
2)(a1 + a4 + a6)− (1−
p
2)(a2 + a3 + a5))((1 +
p
2)(a1 + a3 + a5)− (1−
p
2)(a2 + a4 + a6))
((1 +
p
2)(a1 + a3 + a6)− (1−
p












2)(a1 + a3 + a4)− (1 +
p




2)(a1 + a4 + a5)− (1 +
p




2)(a1 + a5 + a6)− (1 +
p




2)(a1 + a4 + a6)− (1 +
p




2)(a1 + a3 + a5)− (1 +
p




2)(a1 + a3 + a6)− (1 +
p




2)(a1 + a3 + a4)− (1−
p




2)(a1 + a4 + a5)− (1−
p




2)(a1 + a5 + a6)− (1−
p




2)(a1 + a4 + a6)− (1−
p




2)(a1 + a3 + a5)− (1−
p




2)(a1 + a3 + a6)− (1−
p
2)(a2 + a4 + a5))
2






we nd that one-instanton coecient (20) is in agreement with the microscopic calculation of [10].
For comparison the strong behaviour of theory based on the hyperelliptic curve, one must construct the
corresponding PF equations and solve them, which will appear in a forthcoming paper.
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APPENDIX
Here, we list the functions A~(~m);    ; Y~(~m) and Z~(~m) which appear in the equations (11) and (12),
A~(~m) =
32(γ3 + 2)(γ3 + 1)
3γ6(2γ1 − γ2 + 2γ3 − γ5 + 1)
; B~(~m) =




4(γ2 + 1)(γ3 + 1)
γ1γ5
; D~(~m) =














−2(γ4 + 1)(γ4 + 2)
3γ5γ6
;
I~(~m) = F~(~m) ; J~(~m) = G~(~m);
K~(~m) =
(γ2 + 1)(γ2 + 2)
18γ6(γ1 + γ2)
; L~(~m) =




(γ4 + 1)(γ4 + 2)
6γ6(γ1 + γ2)
; N~(~m) =
4(γ1 + 1)(γ1 + 2)
γ5(−γ1 + γ2 + γ4
;
O~(~m) =
8(γ1 − 1)(γ3 + 1)
γ5(−γ1 + γ2 + γ4
; P~(~m) =
−(γ1 + 1)(γ4 + 1)




γ5(−γ1 + γ2 + γ4
; R~(~m) =
2(γ2 + 2)(γ4 + 1)




γ5(−γ1 + γ2 + γ4
; T~(~m) =
3(γ6 + 1)
γ5(−γ1 + γ2 + γ4
;
U~(~m) =
2(γ2 + 2)(γ4 + 1)
γ5(−γ5 + 1)
; V~(~m) = F~(~m);
W~(~m) = G~(~m) ; X~(~m) =
(γ4 + 1)f2(γ1 + γ3)− γ2 − γ5 − 4g
8γ1γ3
;
Y~(~m) = f576(γ6 + 1)(γ6 + 2)g=f4γ1(γ1 − 1) + 20γ1γ2 + 24γ1γ3 + 32γ1γ4 + 36γ1γ5 + 48γ1γ6 + 25γ2(γ2 − 1)
+ 60γ2γ3 + 80γ2γ4 + 90γ2γ5 + 120γ2γ6 + 36γ3(γ3 − 1) + 96γ3γ4 + 108γ3γ5 + 144γ3γ6 + 64γ4(γ4 − 1)
+ 144γ4γ5 + 192γ4γ6 + 162γ5(γ5 − 1) + 216γ5γ6 + 144γ6(γ6 − 1) + 15γ2 + 24γ3 + 48γ4 + 63γ5 + 120γ6 + 1g;
Z~(~m) =
−(γ1 + 1)(γ4 + 1)
γ5(−γ1 + γ2 + γ4)
: (22)
In the above equations, γi has been obtained from i given in (6), with the replacement ’i ! mi + i.
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